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We show that involving a sterile neutrino species in the ΛCDM + r model can help relieve the 
tension about the tensor-to-scalar ratio r between the Planck temperature data and the BICEP2 B-mode 
polarization data. Such a model is called the ΛCDM + r + νs model in this paper. Compared to the 
ΛCDM + r model, there are two extra parameters, Neff and meffν,sterile, in the ΛCDM + r + νs model. We 
show that in this model the tension between Planck and BICEP2 can be greatly relieved at the cost 
of the increase of ns . However, comparing with the ΛCDM + r + dns/d lnk model that can signiﬁcantly 
reduce the tension between Planck and BICEP2 but also makes trouble to inﬂation due to the large 
running of the spectral index of the order 10−2 produced, the ΛCDM + r + νs model is much better 
for inﬂation. By including a sterile neutrino species in the standard cosmology, besides the tension with 
BICEP2, the other tensions of Planck with other astrophysical data, such as the H0 direct measurement, 
the Sunyaev–Zeldovich cluster counts, and the galaxy shear data, can all be signiﬁcantly relieved. So, 
this model seems to be an economical choice. Combining the Planck temperature data, the WMAP-9 
polarization data, and the baryon acoustic oscillation data with all these astrophysical data (including 
BICEP2), we ﬁnd that in the ΛCDM + r + νs model ns = 0.999 ± 0.011, r = 0.21+0.04−0.05, Neff = 3.95 ± 0.33
and meffν,sterile = 0.51+0.12−0.13 eV. Thus, our results prefer Neff > 0 at the 2.7σ level and a nonzero mass of 
sterile neutrino at the 3.9σ level.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.Detection of B-mode polarization of the cosmic microwave 
background (CMB) was recently reported by the BICEP2 (Back-
ground Imaging of Cosmic Extragalactic Polarization) Collabora-
tion [1]. The detected B modes might originate from the primordial 
gravitational waves (PGWs) created by inﬂation during the very 
early moments of the Universe. If the BICEP2 result is conﬁrmed 
by upcoming experiments, the frontiers of physics will be pushed 
forward in an unprecedented way.
The BICEP2 Collaboration reported the ﬁt result of the tensor-
to-scalar ratio based on the lensed-ΛCDM+r model, r = 0.20+0.07−0.05, 
from their observed B-mode power spectrum data, with r = 0 dis-
favored at the 7.0σ level [1]. Subtracting the best available esti-
mate for foreground dust slightly changes the likelihood but still 
results in high signiﬁcance of detection of r. However, the Planck 
Collaboration reported only a 95% conﬁdence level (CL) upper limit 
for the tensor-to-scalar ratio, r < 0.11, from the ﬁt to a combina-
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SCOAP3.tion of Planck, South Pole Telescope (SPT) and Atacama Cosmology 
Telescope (ACT) temperature data, plus the Wilkinson Microwave 
Anisotropy Probe (WMAP) 9-year polarization data [2]. (Note that 
hereafter we use highL to denote the SPT + ACT data, and use WP 
to denote the WMAP-9 polarization data.) Therefore, there is an 
apparent tension between Planck and BICEP2.
In order to reduce the tension, the BICEP2 Collaboration con-
sidered the case in which the running of the scalar spectral in-
dex, dns/d lnk, is included. For the Planck + WP + highL data 
combination, when the running is allowed, the ﬁt results are [2]: 
dns/d lnk = −0.022 ± 0.010 (68% CL) and r < 0.26 (95% CL), from 
which one can see that the tension between the previous TT mea-
surements and the current B-mode measurements is relieved.
However, it is well known that the usual slow-roll inﬂation 
models cannot produce large running of the scalar spectral in-
dex; in these models dns/d lnk is typically of the order 10−4. In 
other words, the usual slow-roll inﬂation models cannot explain 
the large negative running of the order 10−2 that is needed to rec-
oncile the tension between Planck and BICEP2. A large running of 
the scalar spectral index is not good for inﬂation since the model  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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possibilities should be explored.
In fact, it has also been known that several astrophysical obser-
vations are inconsistent with the Planck temperature data. For ex-
ample, for the 6-parameter base ΛCDM model, from the Planck +
WP + highL combination, it is found that the 68% CL ﬁt result 
of the Hubble constant is H0 = (67.3 ± 1.2) kms−1 Mpc−1 [2], 
which is in tension with the direct measurement of the Hubble 
constant, H0 = (73.8 ± 2.4) kms−1 Mpc−1 [3], at the 2.4σ level. 
Also, from the Planck temperature data, it seems that the standard 
cosmology predicts more clusters of galaxies than astrophysical ob-
servations see. For the base ΛCDM model, the Planck + WP +
highL data combination leads to σ8(Ωm/0.27)0.3 = 0.87 ± 0.02 [2], 
while the counts of rich clusters of galaxies from an analysis 
of a sample of Planck thermal Sunyaev–Zeldovich (tSZ) clusters 
give σ8(Ωm/0.27)0.3 = 0.782 ± 0.010 [4], thus there is a signiﬁ-
cant (4.0σ ) discrepancy between them; the same data combina-
tion leads to σ8(Ωm/0.27)0.46 = 0.89 ± 0.03 [2], while the cosmic 
shear data of the weak lensing from the CFHTLenS survey give 
σ8(Ωm/0.27)0.46 = 0.774 ± 0.040 [5], thus there is a discrepancy 
at the 2.3σ level.
One possible interpretation for these tensions is that some 
sources of systematic errors in these astrophysical measurements 
are not completely understood. However, there is an alternative 
explanation that the base ΛCDM model is incorrect or should be 
extended.
Indeed, it is possible to alleviate the tensions between Planck 
and other astrophysical data by invoking new physics. For example, 
the Planck’s tension with the Hubble constant measurement might 
hint that dark energy is not the cosmological constant [6]. In addi-
tion, recently, it was demonstrated [7–9] that the Planck’s tensions 
with the H0 measurement, the counts of rich clusters, and the 
cosmic shear measurements may hint the existence of sterile neu-
trinos. If a sterile neutrino species is added, then clumping would 
occur more slowly due to its free-streaming damping, producing 
fewer clusters. In other words, the sterile neutrinos can suppress 
the growth of structure, bringing the Planck data into better accor-
dance with the counts of clusters. Meanwhile, the sterile neutrinos 
can increase the early-time Hubble expansion rate and so change 
the acoustic scale, leading the Planck ﬁt result of H0 into better 
agreement with the direct measurement.
Now that the sterile neutrinos can change the acoustic scale 
and the growth of structure, they may also impact on the con-
straints on the scalar spectral index ns and the tensor-to-scalar 
ratio r. In this work, we will explore this possibility in detail. We 
will show that the sterile neutrinos can also help resolve the ten-
sion of r between Planck and BICEP2.
In the base ΛCDM model, there are three active neutrino 
species, and so the effective number of relativistic species, Neff, 
is equal to 3.046 (due to non-instantaneous decoupling correc-
tions) [10]. Also, a minimal-mass normal hierarchy for the neu-
trino masses is assumed, namely, only one massive eigenstate 
with mν = 0.06 eV. In this paper, we consider a sterile neu-
trino model in which there exists one massive sterile neutrino 
in addition to the two massless and one massive active neutri-
nos in the ΛCDM + r model, and the active neutrino mass is 
kept ﬁxed at 0.06 eV. Since we add massive sterile neutrinos 
into the ΛCDM + r model, the model considered in this paper is 
called ΛCDM + r + νs model. Compared to the ΛCDM + r model 
(with seven parameters), there are two extra parameters, Neff and 
meffν,sterile. In the case of a thermally-distributed sterile neutrino, 
the effective sterile neutrino mass meffν,sterile is related to the true 
mass via meff = (Ts/Tν)3mthermal = (Neff)3/4mthermal, with ν,sterile sterile sterileTable 1
Fit results for the ΛCDM+ r and ΛCDM+ r + νs models. Best ﬁt values with ±1σ
errors are presented, but for the parameters that cannot be well constrained, the 
95% upper limits are given.
Model ΛCDM+ r ΛCDM+ r + νs
Data CMB + BAO CMB + BAO All
100Ωbh2 2.211± 0.024 2.250± 0.030 2.282± 0.028
Ωch2 0.1186± 0.0014 0.1273+0.0054−0.0061 0.1271+0.0049−0.0048
104θMC 104.138± 0.055 104.050+0.076−0.075 104.050± 0.070
τ 0.091± 0.013 0.097+0.014−0.015 0.107+0.014−0.016
ns 0.9632± 0.0053 0.985+0.012−0.014 0.999± 0.011
r0.05 < 0.13 < 0.19 0.191
+0.036
−0.041
Neff . . . 3.72
+0.32
−0.40 3.95± 0.33
meffν,sterile . . . < 0.51 0.51
+0.12
−0.13
ln(1010 As) 3.087± 0.025 3.12+0.030−0.034 3.140+0.031−0.035
r0.002 < 0.12 < 0.20 0.207
+0.041
−0.052
ΩΛ 0.6952± 0.0084 0.6956± 0.0093 0.6952+0.0088−0.0087
Ωm 0.3076± 0.0084 0.3044± 0.0093 0.3048+0.0087−0.0088
σ8 0.825± 0.011 0.812+0.038−0.029 0.759± 0.012
H0 67.80
+0.64
−0.63 70.8
+1.7
−2.1 71.5
+1.4
−1.6
Ssz8 0.857± 0.015 0.842+0.038−0.029 0.787± 0.009
Swl8 0.876
+0.019
−0.018 0.858
+0.038
−0.030 0.802± 0.010
−2 lnLmax 9809.018 9808.138 9867.634
Fig. 1. Two-dimensional marginalized constraints (68% and 95% CL) on the scalar 
spectral index ns and the tensor-to-scalar ratio r0.002 for the ΛCDM+ r model and 
the ΛCDM+r+νs model. (For interpretation of the references to color in this ﬁgure 
legend, the reader is referred to the web version of this article.)
Neff = (Ts/Tν)4 = Neff −3.046. In the Dodelson–Widrow case the 
relation is meffν,sterile = χsmDWsterile, with Neff = χs .
The possibility of the existence of light massive sterile neutrinos 
has been motivated to explain the anomalies of short baseline neu-
trino oscillation experiments, such as the accelerator (LSND [11]
and MiniBooNE [12]), reactor [13] and Gallium [14] anomalies. 
It seems that the fully thermalized (Neff ≈ 1) sterile neutrinos 
with eV-scale mass are needed to explain these results [15–17]. 
Cosmological observations may provide independent evidence in 
searching for sterile neutrinos.
In the following we shall use the current data to constrain the 
ΛCDM + r model and the ΛCDM + r + νs model, and see how 
the sterile neutrino impacts on the constraint results of ns and r, 
as well as other observables, and if the evidence of existence of 
sterile neutrino can be found in the cosmological data currently 
available. In our calculations, the CosmoMC code [18] is employed.
First, we use the CMB + BAO data combination to constrain 
the models. For convenience, hereafter we use CMB to denote 
the Planck + WP. For the BAO data, we use the latest measure-
J.-F. Zhang et al. / Physics Letters B 740 (2015) 359–363 361Fig. 2. One-dimensional posterior distributions for H0, σ8(Ωm/0.27)0.3, and 
σ8(Ωm/0.27)0.46 in the ΛCDM + r and ΛCDM + r + νs models. Comparisons with 
the observational results are made. (For interpretation of the references to color in 
this ﬁgure legend, the reader is referred to the web version of this article.)
ment of the cosmic distance scale from the Data Release 11 galaxy 
sample of the Baryon Oscillation Spectroscopic Survey (BOSS): 
DV (0.32)(rd,ﬁd/rd) = (1264 ± 25) Mpc and DV (0.57)(rd,ﬁd/rd) =
(2056 ± 20) Mpc, with rd,ﬁd = 149.28 Mpc [19].
The constraint results in the ns–r0.002 plane are presented in 
Fig. 1. The grey contours are for the ΛCDM+ r model and the red 
contours are for the ΛCDM + r + νs model. It is clear that in the 
ΛCDM+ r + νs model the 95% CL limit on r is greatly relaxed, i.e., 
r < 0.20, but meanwhile the range of ns is also signiﬁcantly en-
larged and shifted towards the right. So we conclude that in the 
ΛCDM+ r + νs model the tension between Planck and BICEP2 can 
be greatly relieved at the cost of the increase of ns . Detailed ﬁt re-
sults for the ΛCDM + r and ΛCDM + r + νs models from CMB +
BAO can be found in Table 1. Note that in our calculations the pivot 
scale is taken at k0 = 0.05 Mpc−1, but in this paper r always refers 
to r0.002 (note that the ﬁt values of r0.05 are also given in Table 1). 
Combining CMB + BAO and BICEP2 data gives ns = 0.994+0.012−0.013 and 
r = 0.19+0.04−0.05 (95% CL). The two-dimensional marginalized poste-
rior distribution between ns and r in this case is given by the 
blue contours in Fig. 1. Note also that in our calculations with the 
B-mode data of BICEP2, the consistency relation for slow-roll in-
ﬂation, nt = −r/8, is assumed. With only the CMB + BAO data, 
however, meffν,sterile cannot be tightly constrained, but only upper 
bound is given, meffν,sterile < 0.51 eV. In order to precisely determine 
Neff and meffν,sterile, as analyzed in Refs. [7–9], other astrophysical 
data, such as H0 measurement, SZ cluster data and lensing data, 
should be considered.
Next, we consider these astrophysical data. For the H0 di-
rect measurement, we use the HST result H0 = (73.8 ±
2.4) kms−1 Mpc−1 [3]. For the SZ cluster counts, we use the 
Planck result σ8(Ωm/0.27)0.3 = 0.782 ± 0.010 [4]. For the lens-
ing data, we use both the CMB lensing data Cφφ from Planck [20]
and the galaxy lensing result σ8(Ωm/0.27)0.46 = 0.774 ± 0.040
from CFHTLenS [5]. We shall ﬁrst test the data consistency in the 
ΛCDM+ r + νs model, i.e., if the tensions between Planck and H0, 
SZ cluster counts, and galaxy shear can be alleviated at the same 
time in the ΛCDM+ r+νs model so that the combination of these 
data sets is appropriate.
The one-dimensional posterior distributions for H0, σ8(Ωm/
0.27)0.3, and σ8(Ωm/0.27)0.46 in the ΛCDM + r model and the 
ΛCDM+ r + νs model are shown in Fig. 2, where the green curves 
are for the ΛCDM + r model constrained by CMB + BAO, and 
the red and blue curves are for the ΛCDM + r + νs model con-Fig. 3. Two-dimensional joint, marginalized constraints (68% and 95% CL) on the 
ΛCDM + r + νs model in the ns–r0.002 plane (upper) and in the meffν,sterile–Neff
plane (lower). (For interpretation of the references to color in this ﬁgure legend, 
the reader is referred to the web version of this article.)
strained by CMB + BAO and CMB + BAO + other + BICEP2, 
respectively. Here, for convenience, we use “other” to denote H0 +
Lensing + SZ. The observational results of H0, SZ cluster counts, 
and galaxy shear are shown as the grey bands in this ﬁgure. Com-
paring the green curves with the red curves, we ﬁnd that the 
tensions of Planck with all these three astrophysical observations 
are evidently alleviated. The ﬁt results of H0, σ8(Ωm/0.27)0.3 and 
σ8(Ωm/0.27)0.46 for the three cases are given in Table 1 (the last 
three rows), where the abbreviations Ssz8 and S
wl
8 are used to de-
note σ8(Ωm/0.27)0.3 and σ8(Ωm/0.27)0.46, respectively. Under the 
constraints from CMB + BAO, considering the sterile neutrino im-
proves the tension with H0 from 2.4σ to 1.0σ , the tension with 
SZ cluster counts from 4.3σ to 2.0σ , and the tension with cos-
mic shear from 2.3σ to 1.7σ , respectively. Thus, we ﬁnd that the 
sterile neutrino not only can reconcile the r results from Planck 
and BICEP2, but also can simultaneously relieve almost all the ten-
sions between Planck and other observations. Of course, residual 
tensions still exist, but this is rather natural because these astro-
physical measurements are sure to have some unknown systematic 
errors.
The constraint results in the ns–r0.002 and meffν,sterile–Neff planes 
are shown in Fig. 3. In this ﬁgure, the red contours are for the 
CMB + BAO + other data combination, and the blue contours are 
for the CMB + BAO + other + BICEP2 data combination. We can 
see that in this case the r tension between Planck and BICEP2 
is further reduced, and the parameters Neff and meffν,sterile can be 
tightly constrained. We ﬁnd that for the ΛCDM + r + νs model, 
the CMB + BAO + other data combination gives ns = 0.991+0.015, −0.013
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and including the BICEP2 data modiﬁes the constraint results to 
ns = 0.999 ±0.011, r = 0.21+0.04−0.05, Neff = 3.95 ±0.33 and meffν,sterile =
0.51+0.12−0.13 eV. We ﬁnd that in the tightest constraints from the 
CMB + BAO + other + BICEP2 combination, Neff > 0 is at the 
2.7σ level and meffν,sterile > 0 is at the 3.9σ level. Our best-ﬁt re-
sults, Neff ≈ 1 and mthermalsterile ≈ meffν,sterile ≈ 0.5 eV, indicate a fully 
thermalized sterile neutrino with sub-eV mass. However, the short 
baseline neutrino oscillation experiments prefer the mass of ster-
ile neutrino at around 1 eV. The tension on the mass may deserve 
further investigations. (For tension between short-baseline experi-
ments and cosmology, see also Ref. [21].) It should also be pointed 
out that in the previous studies [7–9] in which the ΛCDM + νs
model is considered, Neff < 1 is preferred, but in this work we 
show that once the ΛCDM + r + νs model is considered, the full 
thermalization result (Neff = 1) compatible with the neutrino os-
cillation experiments can be obtained.
Finally, we wish to see how the observations of light elements 
abundances created during big bang nucleosynthesis (BBN) impact 
on the constraint results of sterile neutrino in the ΛCDM + r + νs
model. Actually, a joint analysis including BBN observation has 
recently been made for the neutrino/dark radiation models with-
out PGWs in Ref. [22]. We shall follow Ref. [22] to use the 
helium-4 and deuterium abundances to place constraints on the 
ΛCDM + r + νs model. The latest primordial 4He mass fraction 
measurement gives Yp = 0.254 ± 0.003 [23]. For the primordial 
D fraction, we follow Ref. [22] to consider two recent measure-
ment values: (D/H)p = (2.87 ± 0.22) × 10−5 [24] and (D/H)p =
(2.53 ± 0.04) × 10−5 [25]. So the two cases for BBN observation 
we consider are: (i) Yp from Ref. [23] + (D/H)p from Ref. [24]
and (ii) Yp from Ref. [23] + (D/H)p from Ref. [25]. For the 
CMB + BAO + BBN combination, we obtain the constraint re-
sults of sterile neutrino: Neff = 3.75 ±0.20 and meffν,sterile < 0.45 eV, 
for Case (i), and Neff = 3.38+0.14−0.16 and meffν,sterile < 0.59 eV, for 
Case (ii). Furthermore, we consider the CMB + BAO + other +
BBN combination, and we obtain the results: Neff = 3.78 ± 0.19
and meffν,sterile = 0.46 ± 0.10 eV, for Case (i), and Neff = 3.45+0.14−0.17
and meffν,sterile = 0.43+0.10−0.12 eV, for Case (ii). We ﬁnd that the con-
sideration of BBN observation could tighten the constraints on Neff
and the constraint results are still consistent with the existence of 
sterile neutrino.
In this paper, in order to relieve the tension between Planck 
and BICEP2, we proposed to consider the light sterile neutrino in 
the model, i.e., the ΛCDM + r + νs model, in which two extra pa-
rameters, Neff and meffν,sterile, are introduced. In this model, not only 
the tension between Planck and BICEP2 is relieved, but also the 
tensions of Planck with other astrophysical observations are all al-
leviated at the same time. So in this work we actually made a 
comprehensive analysis for the ΛCDM+ r + νs model. In fact, due 
to the galactic dust foreground contamination, the possibility that 
part or entire excess signal of PGWs could be explained by the 
dust emission cannot be excluded [26–28]. But even so, we still 
provided a full analysis for the ΛCDM + r + νs model with the BI-
CEP2 data optional, and we wish to stress that considering sterile 
neutrino could only enhance the upper limit of r in the cases with-
out adding BICEP2 data. Moreover, the mechanism of using sterile 
neutrino to reconcile various data sets in the ΛCDM+ r+νs model 
has been discussed in detail and in depth in this work.
The inclusion of Neff changes the early-time Hubble expansion 
rate and thus changes the acoustic scale, leading to the change of 
the determination of H0. Actually, Neff is positively correlated with 
H0. Also, change of the acoustic scale leads to change of the deter-
mination of early-time parameters such as ns . In fact, Neff is also 
positively correlated with ns . Increase of Neff leads to increase of ns , and thus the scalar powers on the large scales are suppressed, 
leaving suﬃcient room for the contribution from the tensor pow-
ers. Meanwhile, the increase of neutrino mass leads to the increase 
of the free-streaming damping, and so the growth of structure 
is suppressed, producing fewer clusters. Therefore, the inclusion 
of both Neff and meffν,sterile can simultaneously relieve all the ten-
sions of Planck with other astrophysical observations. We have also 
found from our analysis Neff > 0 at the 2.7σ level and a nonzero 
mass of sterile neutrino at the 3.9σ level. Detailed investigation on 
the implications of our results to inﬂation is the next step.
Note added
After this paper was posted onto the arXiv (as arXiv:1403.7028), 
a few papers focusing on the similar subject also subsequently ap-
peared on arXiv. A similar analysis was performed in Ref. [29], 
where the Planck SZ cluster counts is replaced with the X-ray 
cluster result and the ACT/SPT temperature data are included. 
In Ref. [30], an analysis of testing the consistency between the 
cosmological data (including BICEP2) and the neutrino oscillation 
data was performed. In Ref. [31], we considered four neutrino 
cosmological models (i.e., ΛCDM + r +∑mν , ΛCDM + r + Neff, 
ΛCDM + r +∑mν + Neff, and ΛCDM + r + Neff + meffν,sterile) and 
made a comparison for them. We showed that the former two 
models cannot get large r, and the third one can achieve large r
but makes additional assumption that massive active neutrinos co-
exist with some dark radiation. Thus, the result of Ref. [31] provide 
further support to this paper, explaining why we are most inter-
ested in the sterile neutrino case. In Ref. [32], further analyses 
were made for the cases in which the cosmological constant is re-
placed by the dynamical dark energy with constant w . In Ref. [33], 
it was shown that the sterile neutrino cosmological model is not 
favored over the standard ΛCDM model if the Bayesian evidence is 
used as a criterion for comparing models. Progress on this subject 
is still going on.
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